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Based on first-principles calculations, we find novel valley-polarized quantum anomalous Hall
(VP-QAH) phases with a large gap-0.19 eV at an appropriate buckled angle and tunable topological
phase transitions driven by the spontaneous magnetization within a half-hydrogenated Bi honeycomb
monolayer. Depending on the magnetization orientation, four different phases can emerge, i.e., two
VP-QAH phases, ferromagnetic insulating and metallic states. When the magnetization is reversed
from the +z to -z directions, accompanying with a sign change in the Chern number (from -1 to
+1), the chiral edge state is moved from valley K to K′. Our findings provide a platform for
designing dissipationless electronics and valleytronics in a more robust manner through the tuning
of the magnetization orientation.
PACS numbers: 73.43.-f, 73.22.-f, 71.70.Ej, 85.75.-d
I. INTRODUCTION
Recently, there has been broad interest in the con-
densed matter physics community in the search for novel
topological phases, as well as the tuning and understand-
ing of the related phase transitions, aiming for both sci-
entific explorations and potential applications1,2. Among
these novel topological phases is the quantum anomalous
Hall (QAH) phase3–7, which is characterized by a finite
Chern number and chiral edge states in the bulk band
gap, and maintains robust stability against disorder and
other perturbations8. Although the first proposal ap-
peared over twenty years ago, not until recently was the
experimental evidence for QAH phase reported within
Cr-doped (Bi,Sb)2Te3 at extremely low temperatures9,10.
Some strategies to achieve QAH effects at high temper-
atures in honeycomb materials are proposed11–21, such
as by transition-metal atoms adaption7,12,13, magnetic
substrate proximity effect14,15, and surface functional-
ization19,20. In honeycomb lattices, K and K ′ valleys
similar to real spin, provide another tunable binary de-
gree of freedom to design valleytronics. By breaking the
inversion symmetry, a bulk band gap can be opened to
host a quantum valley Hall (QVH) effect, which is clas-
sified by a valley Chern number Cv = CK − CK′22–24.
For technological applications, it is important to find a
novel topological state with a large gap that simultane-
ously shares the properties of both QAH states and QVH
states, i.e. valley-polarized QAH (VP-QAH) phases, on
the one hand, and learn how to drive transitions among
different phases, on the other.
The element bismuth has the largest SOC strength
in the periodic table of elements except radioactive ele-
ments. The above exotic topological quantum phases can
be expected to emerge notably in the Bi-based materials.
Actually, the star materials for three-dimensional (3D)
TI are no other than the Bi-based materials–Bi2Se3, and
Bi2Te325. Bi-based material CuxBi2Se3 is predicted as a
3D time-reversal-invariant topological superconductor26.
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FIG. 1: (color online). A sketch of the predicted phase
diagram as a function of the direction and magnitude of
the magnetization in the H-H Bi honeycomb monolayer. θ
and M are the polar angles and magnitude of the spon-
taneous magnetization M. λso is half the intrinsic SOC
strength. VP-QAH1(2) corresponds to C = −1(C = 1) and
Cv = −1(Cv = −1). The two cases can be related by time
reversal operation. The red dash line is the phase transition
path occurred in the H-H Bi monolayer.
The honeycomb monolayer Bi film is a two-dimensional
(2D) TI with the SOC gap opened at Γ point27,28. A
fully-hydrogenated (F-H) or halogenated Bi honeycomb
monolayer is predicted a 2D TI with a record bulk band
gap (> 1 eV) at K and K ′ points29,30. For electron dop-
ing, the 2D TI F-H monolayer is predicted to host time-
reversal-invariant p± ip topological superconductivity31.
Here, we report the theoretical finding of two novel
VP-QAH topological phases, where QVH and QAH ef-
fects coexist, and associated topological phase transi-
tions caused by the magnetization orientation in a half-
hydrogenated (H-H) Bi honeycomb monolayer. The band
gap of the VP-QAH phases can reach 0.19 eV with
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an appropriate buckled angle. Other phases, shown
in Fig. 1, such as ferromagnetic (FM)-Metal and FM-
Insulator phases, are found in several regions with dif-
ferent magnetization orientations. The magnetization
orientation can be tuned via an external magnetic field
or proximity induction by different magnetic substrates.
Furthermore, these common experimental measures can
be used to control the topological phase transitions in
such a H-H Bi monolayer. Therefore, our findings pro-
vide an ideal platform for the design of dissipationless
electronics and valleytronics in a robust and controllable
manner.
First-principles (FP) calculations are performed us-
ing the projector augmented wave method implemented
in the Vienna ab initio simulation package (VASP)32.
Perdew-Burke-Ernzerhof parametrization of the general-
ized gradient approximation (GGA-PBE) is used for the
exchange correlation potential33. The plane wave energy
cutoff is set to 300 eV, and the Brillouin zone is sam-
pled by a 24 × 24 × 1 mesh. The single layer structures
were constructed with a vacuum layer of 20 Å to avoid
the interactions between the layers. By using the Wan-
nier90 code, the maximally localized Wannier functions
are constructed and the Berry curvature is obtained34–36.
Based on the constructed Wannier functions, we use an
iterative method37 to obtain the surface Green’s function
of the semi-infinite system, from which we can calculate
the dispersion of the edge states.
II. RESULTS AND DISCUSSION
Figure 2(a) plots the typical geometries for a F-H Bi
monolayer, with three-fold rotation symmetry and inver-
sion symmetry, like for graphane. The H-H Bi mono-
layer with a quasi-planar geometry can be obtained by
removing half of the hydrogenation of the F-H Bi mono-
layer29,30. The lattice constant is 5.54 Å with the dis-
tance between Bi and H atoms dBi−H=1.83 Å. Its three-
fold rotation symmetry remains but inversion symme-
try broken, as shown in Fig. 2(b), similar to graphone.
Figures 2(c-e) plot the band structures for three cases
within the GGA, spin-polarized and SOC calculations.
As shown in Fig. 2(c), there is a flat band near the Fermi
level from the pz orbital of the Bi atoms disconnected
from the H atoms, since these Bi atoms constitute a tri-
angular lattice with large bond length. For spin-polarized
calculations [Fig. 2(d)], a magnetic moment of approxi-
mately 1 µB per unit cell is induced with the spin-up pz
band fully filled and the spin-down one almost empty.
When spin-orbit coupling (SOC) is taken into account,
the H-H Bi monolayer is a ferromagnetic insulator with
the magnetization lying in the basal plane (x-y). For
the magnetization along +z axis, an SOC band gap of
proximate 40 meV opens around the K point, as shown
in Fig. 2(e). Using the Wannier interpolation method,
we can calculate the band structure and the Berry cur-
vature. The Wannier band structure reproduces the FP
FIG. 2: (color online). (a),(b) The respective lattice geome-
tries for the F-H and H-H Bi honeycomb monolayers. Large
purple and small green spheres represent the Bi and hydrogen
atoms, respectively. A and B in (b) label the two sublattices.
The red arrows in (b) represent the magnetic moments. The
black arrow marks the +z direction. (c) The projection band
structures for the H-H Bi monolayer. The color of the sym-
bols labels the different atomic orbitals, and their size is pro-
portional to the weight of the band eigenfunctions on these
atomic orbitals. (d) The spin-polarized band structure for
the H-H Bi monolayer. (e) The SOC band structure for the
magnetization along z axis. The red circle (black line) is for
the bands from the Wannier interpolation (FP). Both are in
good agreement. (f) The Berry curvature distribution along
the line with high symmetry for the summation of all the va-
lence bands. Inset: The first Brillouin zone and its points of
high symmetry.
one [Fig. 2(e)] well. From the Berry curvature distribu-
tion in Fig. 2(f), one can find an obvious dip around the
valley K and an imbalance between valley K and K ′,
which indicates a nontrivial topological property of the
bulk Bloch wave-functions. After integration of the Berry
curvature throughout the whole Brillouin zone as well as
around each individual valley, we obtain the Chern num-
ber38 C = −1 as well as CK ' −1 and CK′ ' 0, demon-
strating its nontrivial topological features of simultane-
ously possessing both QAH and QVH phases. This is
further confirmed by the analysis of edge states, band
evolution mechanism and spin texture, which will be dis-
cussed later.
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FIG. 3: (color online). (a) The projection band structures for the F-H Bi monolayer. The band edges mainly come from px
and py orbitals from the Bi atoms of both sublattices. (b)-(d) The projection band structures for the H-H Bi monolayer with
the magnetization along the +z axis, in plane, and -z axis, respectively. The bands around Fermi level mainly consist of the
pz orbital from the dehydrogenated Bi atoms of the A sublattice. The energy spectrum for the semi-infinite zigzag monolayer
in (e)-(h) correspond to the bulk spectrum in (a)-(d), respectively. There are two helical edges states in (e), indicating the
QSH phase. (f)((h)) clearly presents the K (K′) valley polarized chiral edge state with only a left (right) mover, hence is a
VP-QAH1(2) phase. Nevertheless, (g) gives trivial edge states for ferromagnetic insulators.
In addition to the Chern number, the gapless edge
mode inside the bulk energy gap provides a more intu-
itive picture to characterize the topological properties of
the bulk. In Fig. 3, we plot the band structures with
their orbital projected character and the corresponding
edge states of zigzag semi-infinite systems for four dif-
ferent cases. For the F-H Bi monolayer, the low-energy
bands are dominated by the px and py orbitals of the
Bi atoms as shown in Fig. 3(a), and there are two helical
edge states in the huge bulk gap of about 1 eV [Fig. 3(e)],
which indicates a QSH phase. For the H-H Bi monolayer,
the two relevant flat bands mainly consist of the pz or-
bital from the dehydrogenated-site Bi atoms, which are
located in the original large QSH gap of the F-H mono-
layer. Moreover, the orientation of the magnetization
dramatically changes the relativistic band structures, es-
pecially the two relevant bands straddling the Fermi level,
as well as the size and the position of the gaps, as shown
in Fig. 3(b-d). Three typical insulating phases emerge
for different orientation alignments of the magnetization.
From the edge states of the zigzag semi-infinite systems
and the direct calculations of Chern number [Fig. 3(f-h)],
we find the three typical insulating phases correspond to
the VP-QAH1 (C = −1,Cv = −1), ferromagnetic insula-
tor, and VP-QAH2 (C = 1,Cv = −1) states, respectively.
In order to obtain a physical picture of the nontriv-
ial topological properties of VP-QAH, we investigate the
band structure evolution and the spin texture as shown
in Fig. 4. Without loss of generality, we analyze the case
of the magnetization aligned along the +z axis. The evo-
lution is divided into three stages, as schematically plot-
ted in Fig. 4(a-c). We start with the F-H Bi monolayer,
whose low-energy band structure has a huge QSH band
gap opened by on-site SOC30. Dehydrogenation from the
A sublattice leads to a flat band mainly consisting of the
pz orbital from Bi atoms of the A-sublattice around the
Fermi level in the otherwise huge QSH gap [Fig. 2(c)].
At the first stage of the band evolution, in Fig. 4(a),
the internal spontaneous magnetization splits the flat
pzA bands into two bands, p
↑
zA and p
↓
zA, where pzA
means that the bands consist of the pz orbitals of the
A-sublattice Bi atoms. Considering the electron fill-
ing, the Fermi level is located slightly lower than the
p↓zA band. The intrinsic SOC plays a role in the sec-
ond stage. From the pervious work30, it is known the
bands with total angular momentum J{px,py}z = ±1/2
and J{px,py}z = ±3/2 constitute the low-energy valence
and conduction bands for QSH states in the F-H Bi
monolayer respectively, as shown in 4(a). The super-
script {px, py} indicates the bands mainly come from the
px, py orbitals. In the following, we will focus on the va-
lence bands with J{px,py}z = ±1/2, in view of that the
total angular momentum conservation is required in the
presence of SOC and the two relevant flat pz bands like-
wise own J{pz}z = ±1/2. Specifically, around the valley
K, the valence bands consist of p↓+A (Jz = 1/2) and
p↑−B (Jz = −1/2), while around the valley K ′, the sub-
scripts sublattice index A and B are exchanged, where
p± = ∓ (px ± ipy) /
√
2. As shown in Fig. 4(b), the on-
site (A-sublattice) SOC brings about the level repulsion
: p↓+A is pushed downward and p
↑
zA upward around val-
ley K, while p↑−A is pushed downward and p
↓
zA upward
around valley K ′. At the last stage, in Fig. 4(c), the in-
trinsic Rashba SOC breaks the band crossing and opens a
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FIG. 4: (color online). (a)-(c) Schematic diagrams of the band evolution for the magnetization along the +z axis. The evolution
stages are explained in the main text.
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FIG. 5: (color online). (a)(b) 1D spin texture along the line of
high symmetry and 2D one around valley K for the relevant
pz orbital valence band from the dehydrogenated Bi atoms.
Sx, Sy, and Sz are expectations of the three components of
the spin operator for the pz orbital. The arrows represent
the orientation of the spin, which is rotated by the intrinsic
Rashba SOC and generates a nontrivial Skyrmion spin texture
in the momentum space, i.e., around K point, the spin points
down, while far from K point the spin points up, as plotted in
(b) . The only one Skyrmion around K results in a VP-QAH1
phase.
gap around valley K, and results in a nontrivial state, i.e.
VP-QAH state, which is validated from the spin texture
for the relevant pz orbital valence band. As plotted in
Fig. 5, the Skyrmion-type spin texture around valley K
can be mapped onto a whole spherical surface and thus
gives rise to a nonzero winding number (Chern number)
in the momentum space. Moreover, since there is only
one Skyrmion around valley K, rather than valley K ′,
the imbalance leads to a QVH effect. Consequently, a
VP-QAH state emerges sharing novel properties of both
QAH states and QVH states.
The effective minimal two-band Hamiltonian around
two valleys K and K ′ is given to demonstrate the low-
energy properties of the H-H Bi monolayer in the spin
splitting basis {| −M〉, |M〉}, which are linear combina-
tions of |pAz , ↑〉 and |pAz , ↓〉 (for details see the Appendix
A)
Heffτ =
( −2M 0
0 0
)
+ Ck
(
1 + τ cos θ −τ sin θe−iφ
−τ sin θeiφ 1− τ cos θ
)
+
3
2
sin (φ− ηk) aktR
( − sin θ f
f∗ sin θ
)
,
(1)
where Ck ≡ λ2so/
(
M +
√
v2fk
2 + λ2so
)
, and f ≡
e−iφ [i cot (φ− ηk)− cos θ]. a, tR and 2λso are the lattice
constant, the strength of intrinsic Rashba SOC, and the
intrinsic SOC strength, respectively. vf is the Fermi ve-
locity. M , θ and φ are the respective strength, polar and
azimuthal angles of the magnetization. ηk is the angle
between the vector k and the x axis. τ = ±1 labels two
valleys K and K ′. The last term is the intrinsic Rashba
SOC term. By fitting the band structures using both
FP and the above two-band model, these parameters
can be determined as vf = 1.1 × 106m/s, λso = 0.7eV ,
M = 0.32eV , and tR = 0.02eV .
In the second stage, for the +z axial magnetization
case, the crossing of the p↑zA and p
↓
zA bands around val-
leyK (see Fig. 4(b)) is critical, which provides a pivot for
the subsequent intrinsic Rashba SOC. Both of these two
constituents result in an inverted band gap as shown in
Fig. 4(c). Whether the two bands are crossing depends
on the order of the eigenvalues in Eq.(1) when it is con-
sidered without the Rashba SOC term. It leads to the
relations between M and λso, 0 < Mλso <
√
5−1
2 . When
the magnetization deviates the +z axial direction, the x
and y components of the Zeeman term will also break
the above crossing, resulting in a trivial phase. How-
ever, the nontrivial properties remain unchanged as long
as Rashba SOC dominates the x and y Zeeman compo-
nents. This requirement makes further restrictions on
the ratio of M and λso. For the case where the magne-
tization is along the negative z axis, the spin splitting
is reversed, and band evolution with similar mechanism
takes place around the K ′ valley.
Moreover, we find that the buckled degree of the H-H
Bi monolayer can enlarge the gap of the VP-QAH phase
significantly and change the magnetic anisotropy energy
(MAE) dramatically, as shown in Fig. 6(a). The largest
gap of the VP-QAH1 phase closes to 0.2 eV with the
buckled angle Ω = 6◦, whose band is plotted in Fig. 6(b).
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FIG. 6: (color online). The adiabatic evolution of the gap
of VP-QAH and MAE. (a) The size of the gap (black line-
dot) in the VP-QAH1 phase increases with the buckled angle
firstly, as shown in the inset, and then decreases. The MAE
is defined as MAE = E(M⊥z) − E(M‖z). Its value (blue
line-square) changes from negtive to positive, which means
the easy magnetization axis orientating from in-plane to out
of plane. (b) The band for the VP-QAH1 with the largest gap
(0.19 eV), corresponding to the buckled angle Ω = 6◦ case.
Here the MAE is about 1 meV, hence the manipula-
tion of orientation of magnetization is possible with an
experimental accessible induced magnetic field ( 10 T).
If we continue to increase the angle, the gap deceases.
A insulator-metal phase transition takes place with the
buckled angle Ω = 9◦ (see the Appendix B).
As one of the potential applications, it is possible
to make a homogeneous junction by applying external
magnetic fields with different orientations or by virtue
of magnetic substrates at different regions of a H-H
Bi monolayer film sample, as shown in Fig. 7. Fully
valley-polarized chiral edge states along these boundaries
emerge and can be utilized as dissipationless conducting
wires and chiral interconnects to lower the power con-
sumption of devices in electronics and valleytronics.
On the experimental side, Bi monolayers with a buck-
ling honeycomb lattice and films have been manufactured
via molecular beam epitaxy39–41. On the other hand,
chemical functionalization of such 2D materials is a pow-
erful tool to create new materials with desirable features,
such as modifying graphene into graphone (semihydro-
genated graphene), graphane and fluorinated graphene
using H and F, respectively42–46. The buckled honey-
comb geometry of the Bi monolayer makes it possible to
saturate the chemical bonds of Bi atoms on only one sub-
lattice. Therefore, it is a very promising that a H-H Bi
honeycomb monolayer may be synthesized by chemical
reaction in solvents or by exposure of a Bi monolayer or
ultrathin film to atomic or molecular gases. An candidate
substrate here could be layer materials such as transition
metal dichalcogenides (e.g. MoS2) and h-BN, which sta-
bilize and weakly interact with the H-H Bi honeycomb
monolayer through van der Waals interaction and thus
do not alter the band topology of the monolayer.
FIG. 7: (color online). A schematic diagram for chiral inter-
connects in a homogeneous junction made of an atomically
thin H-H Bi monolayer, by tuning the orientations of mag-
netization. In the top (bottom) panel, along the borders of
VP-QAH1 (VP-QAH2) insulators and FM insulators, fully
valley-polarized chiral edge states marked by valley K (K′)
index moves downwards (upwards) with the external mag-
netic field in the left region pointing up (down). Such tunable
valley-polarized chiral edge states can be used as dissipation-
less conducting wires for electronics and valleytronics.
III. CONCLUSION
In summary, we find topological phase transitions in
a H-H Bi honeycomb monolayer via tuning the orienta-
tion of the magnetization. Depending the orientation of
the magnetization, there are four different phases, i.e.
VP-QAH1, VP-QAH2, FM-Insulator, and FM-Metal, as
shown in Fig. 1. The mechanism for the nontrivial topo-
logical phase is given and a low-energy effective Hamilto-
nian is provided to capture the essential physics. Fur-
ther, the low buckled geometry prominently increases
the size of the gap by several times. Fully valley-
polarized chiral edge states can be utilized as dissipa-
tionless conducting wires and chiral interconnects for the
lower power-consumption devices in electronics and val-
leytronics. These make the hydrogenated Bi honeycomb
monolayers an ideal platform to investigate SOC relevant
physics, novel topological states and the related phase
transitions, and indicate great potential for the practical
applications in a controllable manner.
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Appendix A: The low-energy effective Hamiltonian
From the first-principles (FP) calculations in the main
text, the basis
{|pAy 〉, |pAx 〉, |pBy 〉, |pBx 〉, |pAz 〉} ⊗ {↑, ↓} are
relevant. The lattice Hamiltonian reads
H =
∑
〈i,j〉;α,β=px,py
tαβij c
†
iαcjβ
+
∑
i;α,β=px,py ;σ,σ
′=↑,↓
λαβ
σ,σ′
c†iασciβσ′ s
z
σ,σ′
+
∑
i∈A;α=pz ;σ,σ′=↑,↓
c†iασciασ′ (s ·M)
+
∑
i∈A;α∈{px,py},β=pz ;σ,σ′=↑,↓
λαβ
σ,σ′
c†iασciβσ′ s
z
σ,σ′
+ itR
∑
〈〈i,j〉〉∈A;α=pz ;σ,σ′=↑,↓
c†iασcjασ′
(
s× dˆij0
)z
+ t
∑
〈〈i,j〉〉∈A;α=pz
c†iαcjα
+ εp
∑
i;α=p
c†iαciα.
(A1)
The first two terms represent the quantum spin Hall
phase lattice Hamiltonian for the fully-hydrogenated (F-
H) Bi honeycomb monolayer family30, which serves as
the background for the following analysis of the half-
hydrogenated (H-H) Bi monolayer. The third term is
the Zeeman term for the pz orbital of Bi atoms of the
dehydrogenated sites (A sublattice). The fourth term is
the SOC between the pz and px, py orbitals from A-site
Bi atoms. The fifth term is the intrinsic Rashba SOC for
the pz orbital from the dehydrogenated sites, as a result
of the broken mirror symmetry. The sixth term is the
hopping of the pz orbital from the dehydrogenated site,
which is very small and thus can be ignored due to the
next nearest neighbor (NNN) hopping. The last is the
on-site energy term for the p orbitals.
Firstly, the spontaneous magnetization M =
M (sin θ cosφ, sin θ sinφ, cos θ) will lead to spin splitting
with two eigenvalues -M and M, as shown in Fig. 4(a) in
the main text, and their corresponding eigenstates
| −M〉 = cos θ
2
|pAz , ↑〉+ sin
θ
2
eiφ|pAz , ↓〉,
|M〉 = − sin θ
2
e−iφ|pAz , ↑〉+ cos
θ
2
|pAz , ↓〉,
(A2)
where θ and φ are the polar and azimuthal angles of the
spontaneous magnetization M.
Secondly, as stated above, for the QSH state, the
SOC gap is huge (>1eV), and thus treated as the back-
ground in the following analysis. It’s known that around
the K point, the dispersion is E± (k) = ±
√
v2fk
2 + λ2so
, and the basis is as shown in Fig. 4(a). The SOC
mixes the orbital and spin with total angular momen-
tum conserved Jz = 1/2, which results in the level re-
pulsion between p↑zA(| −M〉, |M〉) and p↓+A, thus pushs
the p↑zA(| −M〉, |M〉) upward and the p↓+A downward, as
shown in Fig. 4(b). It is reasonable to choose the basis{
| −M〉, |M〉, p↓+A
}
as a low-energy subspace manifold.
The corresponding Hamiltonian reads
hK = −M + εp 0 √2 cos θ2λso0 M + εp −√2 sin θ2eiφλso√
2 cos θ2λso −
√
2 sin θ2e
−iφλso εp + E− (k)
 ,
(A3)
with εp the on-site energy for the p orbitals. Through
the down-folding procedure47, the minimal two-band low-
energy Hamiltonian is obtained in the representation
{| −M〉, |M〉}
heffK =
( −2M 0
0 0
)
+
λ2so
M +
√
v2fk
2 + λ2so
(
2 cos θ2
2 − sin θe−iφ
− sin θeiφ 2 sin θ2
2
)
.
(A4)
The Fermi level is taken as εp + M during the above
derivation.
At the last stage, as shown in Fig. 4(c) in the main text,
the intrinsic Rashba SOC opens a band gap around valley
K, and results in the nontrivial state. After performing
a Fourier transformation, the Rashba SOC is written in
the basis {| −M〉, |M〉}
hRashbaK =
3
2
sin (φ− ηk) aktR×( − sin θ f (θ, φ, ηk)
f (θ, φ, ηk)
∗
sin θ
)
,
(A5)
with f (θ, φ, ηk) ≡ e−iφ [i cot (φ− ηk)− cos θ]. a and tR
are the lattice constant and the strength of the Rashba
SOC, respectively. ηk is the angle between the vector k
and the x axis.
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FIG. 8: (color online). The band structures around two val-
leys K and K′ for the H-H Bi monolayer from FP calculation
and the two-band low-energy effective Hamiltonian with the
magnetization along +z axis. The dashed red curve is the
FP result. The solid green curve represents the TB model’s
result. The Fermi level is set to zero.
Consequently, the total minimal two-band model
around K point reads
HeffK = h
eff
K + h
Rashba
K . (A6)
Following a similar three-step procedure for the min-
imal two-band model around K ′ point, as shown in
Fig. 4(a-c) in the main text, the total minimal two-band
model in the representation {| −M〉, |M〉} around valley
K ′ is found to be
HeffK′ = h
eff
K′ + h
Rashba
K , (A7)
with
heffK′ =
( −2M 0
0 0
)
+
λ2so
M +
√
v2fk
2 + λ2so
(
2 sin θ2
2
sin θe−iφ
sin θeiφ 2 cos θ2
2
)
.
(A8)
By fitting the band structures between FP and the above
low-energy two-band model around the two valleysK and
K ′, the above parameters are determined with vf = 1.1×
106m/s, λso = 0.7eV , M = 0.32eV , and tR = 0.02eV , as
shown in Fig. 8.
Appendix B: The adiabatic evolution of the gap of
the VP-QAH phases with the buckled angle
We investigate the adiabatic evolution of the gap of the
VP-QAH from the quasi-planar honeycomb geometry to
the low-buckled geometry with keeping the Bi-Bi bond
length constant, as shown in Fig. 6 in the main text. It is
surprising that the slightly buckled geometry remarkably
magnifies the size of the gap (even reach 0.19 eV), which
make the giant-gap H-H Bi monolayer an ideal platform
to realize the exotic VP-QAH phases and fabricate new
quantum devices operating at room temperature. The
projected band structures and density of states for the
four typical points (Ω = 4◦, 6◦, 7◦, 9◦) during the gap
evolution as well as the Ω = 10◦ case are plotted in Fig. 9.
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